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ABSTRACT 
The discriminant of a trinomial is obtained by evaluating an associated resultant. 
In contrast to Swan, who obtained such a formula using algebraic properties of the 
resultant, we rely on the determinantal formulation of the resultant and invoke a 
method of calculating determinants due to Drucker and Goldschmidt. 
Let F be a field, and suppose the irreducible polynomial f(x) = xn + 
alXn-l + . . . + a,_,x + a, E F[x] has (separable) splitting field L. In L[x], 
write 
and let G be the Galois group of f(x) viewed as a subgroup of S,, the group 
of permutations on the set of roots { ai, a2,. . . , a, }. The discriminunt of f is 
defined by 
D(f) = ivj (ai - aj)2* 
As is well known, D(f) E F and, more importantly, if the characteristic of F is 
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not two, then G is a subgroup of the alternating group A,, if and only if D(f) 
is a square in F. Thus, if one is interested in computing, or even constructing, 
Galois groups, the discriminant assumes a major role. The objective of this 
paper is to derive the formula (whose exact origins are obscure) in Swan [8] 
for calculating the discriminant of a trinomial from its coefficients. 
Recall that the resuEtunt R( g, h) of polynomials 
g(x) = box” + . . . +btn~bO,j(x~~i) 
and 
h(x) = cod + . . . +c[=c”fi (Fyi) 
j=l 
is defined by 
Moreover, R(g, h) is a determinant [4] as follows: 
Cd= 
b, b, . . . b,,, 
b, b, . + . b,,, 
. . . . ..*......*....... . . . . ..*....... 
b, b, . ’ . b,,, 
co Cl . . . Cl 
co Cl . . . Cl 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
Berlekamp [l] points out that authors adopt various conventions regarding 
the definition of R(g, h) and this may cause calculations to agree only up to 
sign. Our treatment is consistent with [l] and [4]. We record for future use a 
result which is easy to verify directly and may be found in [I]. 
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LEMMA 1. Zff( x) is manic of degree 12, then 
W)=(-1) 
n(n - ‘q-q f, fl). 
The next step involves computing the determinant 1A] of a sparse matrix A 
which has the form 
A= 
* 
* 
* 
i 
I * 
7 
I * 
I 
I 
* 
I 
I 
I 
I * 
_-_----_--_--_-_--_-__-_ * I-__-_--_--_-_----2 * * 
* I I l 
* I * 
i 
i 
Though such a formula must be known, we show using the elegant method of 
Drucker and Goldschmidt [2] that if (i, j) = I, then (A( is simply the product 
of the diagonal entries plus or minus the product of the offdiagonal entries, 
while if (i, j) # 1, a similar algorithm holds, but “skips” of length (i, j) are 
used during the selection of entries process. The formal proof is aided by the 
following lemma, which, though geometrically obvious, may be of indepen- 
dent interest. 
LEMMA 2. The directed graph St with M > 2 vertices 0,1,2,. . . , M - 1 
and directed edges 
--- _ 
@nl~tot+] for O<ttI, 
and 
J%nn t to t-z for Z<t<M, - _ 
whereZ+J=Mand(Z,J)=l,isacycle. 
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Proof. Observe that for any t in (0, 1, . . . , M - l} the directed edge from 
_t goes to r, where r is the integer in {O,l,. . . , M - l} such that r = t + J 
(mod M). Thus a tour of vertices beginning at vertex 0 visits rr, r,, rs, . . . , rM, --- 
where r,=s.Z(mod M) for lgs<m and Ogr,<M.%nce (M,.Z)=(M= 
J, J) = (I, _Z) = 1, the rS form a complete residue system modulo M, and since 
rM = 0, we must indeed have a cycle. n - - 
REMARK. It is immediate from the Theorem of [2] that if the graph D 
above has labeled vertices and edges, then its associated determinant, de- 
noted ]Ql. is computed using the following formula: 
]SZ]=n(vertexlabels)+( -l)“-ln(edgelabels). 
PROPOSITION 3. Let A = (a,,) be a matrix of order m > 2 whose 
rumzero entries (if any) occur along the main diagonal, the i th subdiagonul, 
and the (m - i)th superdiagonal. Then 
where j=m-i, g=(i, j), M=m/g, l=i/g, and_/= j/g. 
Proof. The associated directed graph r of A has m vertices 1,2,. . . , _m 
labeled with the main diagonal entries a rr, ass, . . . , a ,,,,,,. r has m directed 
edges, namely: 
for each u in {1,2,..., i} an edge from u to u + j labeled with the - - 
superdiagonal entry a “, u + j, and 
for each u in {1,2,..., j} an edge from u + i to u labeled with the - - 
subdiagonal entry a u + i, “. 
The graph l? consists of g disjoint subgraphs rr, . . . , r,. For 1~ s < g, r, has 
verticestg+s(t=O,l,..., M - l), a directed edge from tg + s to (t + I)g + s 
forO~t<Z,andadirectededgefromtg+sto(t-ZI)g+sforZdt<M. 
(Notice that the inequalities 0 < t < Z and I < t < M are equivalent to 
16 tg + s G i and i < tg + s G m respectively.) By Lemma 2 and the remark 
which follows it, r, is a cycle with determinant 
M-l I-1 M-l 
xi = JI atg+s,tg+s+( - lJ"-l Il =tg+s,tg+s+j I3 %g+s,tg+s-i. 
t=o t=o I=1 
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Finally, from [2] we have IAl = iI’1 = nf= 1 IrJ, whence the desired result is 
obtained. a 
Our main result was proved by Swan [S] using algebraic properties of the 
resultant. 
THEOREM 4. The trinomial f(x) = x” + axk + b with 0 < k < n has dis- 
criminunt 
W)=(-1) 
n(n-1)/2bk-l[ ,NbN-K _ ( _ l)N(n _ k)N-KkKaN] d, 
where d = (n, k), N= n/d, K = k/d. 
Proof Let 1 = n - k, and L = Z/d = N - K. The (formal) derivative of 
f is f’(x)= nx”-’ + kax k-1. For ease of notation we let w = ka, y = 
- (n - k)a, and x = - nb. We denote row i of a matrix by Ri, and column j 
by ‘Cj. Evidently, the resultant R( f, f’) i 
(2n - 1) matrix M, (Figure 1). 
MO= 
Y Y 
b I I 
b I 
I 
I 
l i 4 b I 
bl _________--ii---__------;-l---__--___J_____-_ 
I l I a I b 
I I I ‘. 
I I I 
I 1 I 
____-_-_--_----_--___~_ ~------_--“__l-____-” 
n I w I I 
n l w I I 
I I 
. I I I 
n 
n/ 
I I 
WI I 
I w I 
I n I 
w 
I 
, 
n l I 
I I I 
I . . I 
I I 
w l 
I nl 
V Ad’- 
” 2 k-l 
IS the determinant of the (2n - 1) A 
n-l 
FIG. 1. 
1 
i 
k-l 
n 
I 
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Ml== 
1 k 1 
- -/ Y. 
1 
1 
1 
_--------______l 
n 
n 
n 
n 
t 
_-----_---__---_ 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
‘I 
T 
I 
I 
I 
I 
I 
I 
I 
i. 
I 
I 
I 
I 
I 
I 
1 k 
-. r --. 
(I I b 
a I b 
a ’ b 
I 
I 
I 
I a 
I 
L ----_----$---__-__ 
w 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
!I_ 
w I 
w I 
I w 
I u 
---------I_______. 
n I 
I 
‘I- 
I 
n ; 
“I 
b 
b .-----_--_ 
._---___-_ 
w 
. 
I.0 
w 
FIG. 2. 
Step 1. For each j satisfying 1~ j < k - 1, expand M, along C,, _ j. In 
each expansion the sign multiplying the nonzero entry b and its minor is 
(_ l)W-j)+(n+j)=( _ l)“, so R(f, f)= [( - l)“b]k-‘IM,j, where M, is an 
(n + l)X(n + 1) matrix (Figure 2). 
Step 2. For 1~ i < 2 add - nR i to R i + 1 to obtain the matrix M, (Figure 
3). Thus lMl[ = IM,(. 
Step 3. For 1~ j 6 1 expand M, along Cj to obtain lMzl = IM31, where 
M, is simply the lower right n x n submatrix of M,. 
It is clear that M, = (mu,) has nonzero entries 
m = u,u ( 
Y> l<U<l, 
W, l<u<n, 
m u,u+k = z, l<U<l, 
m =n, td+l,lI l<u<k. 
Inusingthepreviouspropositionwithi=Z, j=k,g=(Z,k)=(n,k)=d(so 
THEDISCRIMINANTOFATRINOMIAL 111 
M,- 
1 ” 
w 
1 Ia Ib 1 I a , b 
1 I I b (1 I 
I I 
I 
I I 
1 I I n b 
I 
‘~___________L____“_----_----_k ---_---__---___ 
Iv Iz 
I Y 
t 
I I 
2 
I tJ I 
I 
I I 
I I 
I 1 !I z 
--------------- 1___________L____~__---__---_L 
I n I w 
I .. I I . . 
I I 
I n 
w 
I 
n 1 w 
I -“-‘, w / 
k 2 
}l 
I 1 
I k 
FIG. 3. 
I = L, I= K, and M = N), we observe that for each fixed s, the product for 
the main diagonal is y%F. Therefore 
I%l=slfI~ yLwK+( -lylzLnq. 
Substitution and some simplification gives 
A check of the oddeven possibilities for n and k shows the sign at the right of 
this last equation is always one. Using the fact that L = N - K together with 
Lemma 1, we obtain the desired formula for D(f). This completes the proof. 
n 
It is of interest to note that Swan’s discriminant formula is used in the 
literature. Recent examples that come to mind are [3], [5], [0], [7]. 
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